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Motivations and setting
The Chabauty space

▶ Dynamical systems: understanding a group by its actions on
compact spaces.

▶ Examples:
▶ Subgroups of Homeo(S1) ↷ S1;
▶ G hyperbolic ↷ ∂∞G ;
▶ MCG(Σg ) ↷ Thurston boundary...

▶ Any countable group G comes equipped with a canonical
dynamical system:

G ↷ Sub(G ) by conjugation.
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Motivations and setting
The Chabauty space

▶ Setting: G is an infinite countable group.

▶ Sub(G ) ↪→ {0, 1}G closed subset of the Cantor set.
▶ Basis of clopen sets

V(O, I ) = {H ≤ G | I ⊆ H,O ∩ H = ∅}

for every finite subsets I ,O ⊆ G .
▶ Topology of the pointwise convergence: Hn →n→∞ H iff for

every h ∈ H (resp. h /∈ H), there exists n0 ∈ N such that
h ∈ Hn (resp. h /∈ H) for every n > n0.
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Proposition

If G is finitely generated, then finite index subgroups are isolated.

▶ Examples:
▶ Sub(Fr ) is homeomorphic to a "dusty Cantor space": the

union of a Cantor set (Sub[∞](Fr )) with an open dense
countable discrete set.
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Motivations and setting
Perfect kernel

Theorem (Cantor–Bendixson)

There exists a unique partition Sub(G ) = K(G ) ⊔ C into
▶ a countable set C ;
▶ a closed subset without isolated point K(G ) called the perfect

kernel of G .

Remark: in particular, if G is finitely generated:

K(G ) ⊆ Sub[∞](G ).

Examples:
▶ K(Fr ) = Sub[∞](Fr );
▶ [Bowen–Grigorchuk–Kravchenko] the perfect kernel of a

lamplighter group is the set of lamp subgroups.
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Why is it interesting?

▶ G acts by homeomorphisms on Sub(G ), and consequently on
K(G );

▶ if non-empty, K(G ) is the “most complicated” part of the
space of subgroups;

▶ this is where are supported the “interesting” IRS’s;
▶ G ↷ K(G ) contains the essential part of the dynamics.
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Motivations and settings
Topological dynamics

An action G ↷ X of a group G on a topological space X by
homeomorphisms is
▶ topologically transitive (TT) if for any two non-empty open

subsets U,V ⊆ X , there exists g ∈ G such that gU ∩ V ̸= ∅;

▶ highly topologically transitive (HTT) if G ↷ X n is TT for
every n ∈ N∗;

▶ [Hull–Minasyan–Osin, 2024] topologically µ-mixing for some
µ ∈ Prob(G ) if, denoting by (Gk)k a sequence of iid random
variables with law µ, for any two non-empty open subsets
U,V ⊆ X , one has P ((G1...Gk · U) ∩ V ̸= ∅) →k→∞ 1.
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1. Give an explicit description of K(G );
2. When do we have K(G ) = Sub[∞](G )?;
3. Study the induced dynamics G ↷ K(G )

for G in a particular class of groups...
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Motivations and setting
Generalized Baumslag-Solitar groups

To any d-GBS group G is associated a linear modular
homomorphism ∆ : G → GLd(Q):

▶ fix a vertex v of the Bass-Serre tree and an isomorphism
Stab(v) ≃ Zd ;

▶ for g ∈ G , define ∆(v)(g) as the element of GLd(Q)
corresponding to
Stab(v) ∩ Stab(g−1 · v) → Stab(v) ∩ Stab(g · v)

x 7→ gxg−1 ;

▶ ∆(v) : G → GLd(Q) is a morphism and does not depend on v
up to conjugation in GLd(Q).

Example: ∆BS(m,n)(b) = 1 and ∆BS(m,n)(t) =
n
m .

Definition
A GBS group G is unimodular if |det ◦∆| = 1.
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Groups acting on trees: state of the art
Acylindrical actions

▶ G ↷ T (oriented tree) minimally, irreducibly, and in an
acylindrical way: there exists some R > 0 such that the
stabilizer of any edge path of length ≥ R is finite;

▶ G has no non-trivial finite normal subgroup.

Theorem (Azuelos–Gaboriau, 2023)

▶ Sub|•\T |∞(G ) := {H ≤ G | H\T is infinite} ⊆ K(G );

▶ G ↷ Sub|•\T |∞(G ) is HTT.

Theorem (Hull–Minasyan–Osin, 2024)

For µ ∈ Prob(G ) with finite, symmetric and generating support,

G ↷ {H ∈ Sub[∞](G ),H ↷ T is proper}

is topologically µ-mixing.
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Groups acting on trees: state of the art
Baumslag-Solitar groups

G = BS(m, n) (|m|, |n| > 1). Tm,n Bass-Serre tree.

Theorem (Carderi–Gaboriau–Le Maître–Stalder, 2022–2024)

▶ K(G ) = Sub|•\Tm,n|∞(G ) = Sub[∞](BS(m, n)) iff |m| ̸= |n|;

▶ There exists a countably infinite partition

K(G ) = K∞
⊔ ⊔

P∈N∗

KP

such that
▶ all pieces are G -invariant;
▶ K∞ is closed;
▶ KP is open for every P ̸= ∞;
▶ G ↷ KP is HTT for every P.
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Contributions of this thesis
Subgroup mixing in Baumslag-Solitar groups

Theorem (B., 2025)

Let (m, n) ∈ Z∗ such that |m, |n| > 1 and |m| ̸= |n|. There exists
2ℵ0 µ ∈ Prob(BS(m, n)) with finite, symmetric and generating
support such that if N ̸= ∞, BS(m, n) ↷ KN is not topologically
µ-mixing.

Idea of the proof (for BS(2, 3) =
〈
b, t | tb2t−1 = b3〉):

▶ Supp(µ) = {b, b−1, t, t−1} such that µ(t) > µ
(
t−1);

▶ For every finite N, the piece KN contains an open set

U =
{
H ≤ G | H ∩ ⟨b⟩ =

〈
b2P

〉}
for a well-chosen P coprime to 3.

▶ For g ∈ G , if all prefixes of g contain strictly more t’s than
t−1’s, then U ∩ gUg−1 = ∅.

▶ this happens with positive probability.
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What happens if µ(t) = µ(t−1)?

Theorem (B., 2025)

Let (m, n) ∈ Z∗ such that |m|, |n| > 1 and µ ∈ Prob(BS(m, n))
with finite, symmetric and generating support. Then:
▶ if |m| = |n|, BS(m, n) ↷ KN is topologically µ-mixing;
▶ BS(m, n) ↷ K∞ is always topologically µ-mixing.
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Theorem (B., 2024, 2025)

Let G be a non-amenable GBS group, T its Bass-Serre tree. Then

K(G ) = {H ≤ G | H\T is infinite},

and there is a partition K(G ) =
⊔

N∈N∗⊔{∞}KN such that:
▶ all pieces are G -invariant;
▶ all pieces are Fσ and Gδ subsets;
▶ K∞ is closed and there exist infinitely many open pieces;
▶ G ↷ KN is TT for every N ∈ N∗ ⊔ {∞} (and even HTT if

d = 1).
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Theorem (B., 2025)

Let G be a non-amenable GBS group. If
▶ G is non-unimodular; and

▶ all finite index subgroups of ∆(G ) are Q-irreducible
then K(G ) = Sub[∞](G ).

Remarks:
▶ The partition is explicit if d = 1; in that case,

K(G ) = Sub[∞](G ) iff G is non-unimodular.
▶ Not explicit anymore if d > 1.

Question:
Is G ↷ KN HTT if d > 1?
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An example:

G ≃
〈
a, b, c, t | a2 = b3, b4 = c5, a6 = tb8t−1〉 .

1. Choose a vertex (e.g. the one associated with c);
2. Define

Ph(N) =
∏

p∈P,|6|p−|8|p+|3|p−|2|p=0,
|N|p>max(|5|p ,|5|p−|4|p+|3|p ,|5|p−|4|p+|8|p)

p|N|p



Contributions of this thesis
Generalized Baumslag-Solitar groups: perfect kernel and dynamics

An example:

G ≃
〈
a, b, c, t | a2 = b3, b4 = c5, a6 = tb8t−1〉 .

1. Choose a vertex (e.g. the one associated with c);

2. Define

Ph(N) =
∏

p∈P,|6|p−|8|p+|3|p−|2|p=0,
|N|p>max(|5|p ,|5|p−|4|p+|3|p ,|5|p−|4|p+|8|p)

p|N|p



Contributions of this thesis
Generalized Baumslag-Solitar groups: perfect kernel and dynamics

An example:

G ≃
〈
a, b, c, t | a2 = b3, b4 = c5, a6 = tb8t−1〉 .

1. Choose a vertex (e.g. the one associated with c);
2. Define

Ph(N) =
∏

p∈P,|6|p−|8|p+|3|p−|2|p=0,
|N|p>max(|5|p ,|5|p−|4|p+|3|p ,|5|p−|4|p+|8|p)

p|N|p



Contributions of this thesis
Generalized Baumslag-Solitar groups: perfect kernel and dynamics

An example:

G ≃
〈
a, b, c, t | a2 = b3, b4 = c5, a6 = tb8t−1〉 .

1. Choose a vertex (e.g. the one associated with c);
2. Define

Ph(N) =
∏

p∈P,|6|p−|8|p+|3|p−|2|p=0,
|N|p>max(|5|p ,|5|p−|4|p+|3|p ,|5|p−|3|p+|8|p)

p|N|p

=
∏

p∈P∖{2,3},|N|5>1

p|N|p .



Contributions of this thesis
Generalized Baumslag-Solitar groups: perfect kernel and dynamics

An example:

G ≃
〈
a, b, c, t | a2 = b3, b4 = c5, a6 = tb8t−1〉 .

Ph(N) =

{
N

2|N|23|N|3
if |N|5 > 1 or |N|5 = 0;

N
2|N|23|N|35

if |N|5 = 1.

If P ∈ Ph(N∗), then

KP =
{
H ∈ K(G ) | H ∩ ⟨c⟩ =

〈
cN

〉
for some N ∈ Ph−1(P)

}
.



Contributions of this thesis
Generalized Baumslag-Solitar groups: perfect kernel and dynamics

An example:

G ≃
〈
a, b, c, t | a2 = b3, b4 = c5, a6 = tb8t−1〉 .

Ph(N) =

{
N

2|N|23|N|3
if |N|5 > 1 or |N|5 = 0;

N
2|N|23|N|35

if |N|5 = 1.

If P ∈ Ph(N∗), then

KP =
{
H ∈ K(G ) | H ∩ ⟨c⟩ =

〈
cN

〉
for some N ∈ Ph−1(P)

}
.



Contributions of this thesis
An application to Glasner-Monod class A

Definition (Glasner – Monod, 2007)

A = {G admitting an amenable, faithful and transitive action.}

Examples:
▶ amenable groups;
▶ free groups [Van Douwen];
▶ some groups acting on trees

[Glasner-Monod, Fima, Moon, Azuelos-Gaboriau].
Obstruction: property (T ) relative to a normal subgroup of
infinite exponent.

Definition
Let H ≤ G . The pair (G ,H) has relative property (T ) if for any
unitary representation of G that almost has invariant vectors, there
exists a unit H-invariant vector.
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Dynamical characterization [Le Maître]: G ∈ A iff there exists
a conjugacy class whose closure contains both a co-amenable
subgroup, and a subgroup H that satisfies

⋂
g∈G gHg−1 = 1.
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